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Abstract
This paper is concerned with some norm inequalities for the area integrals
associated to a non-negative self-adjoint operator satisfying a pointwise Gaussian
estimate for its heat kernel, on weighted Morrey spaces.

1. Introduction

The classical Morrey spaces were introduced by Morrey in [17] to

investigate the local behaviour of solutions to second order elliptic partial
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differential equations. The boundedness of the Hardy-Littlewood maximal
operator, the singular integral operator, the fractional integral operator,
and the commutator of these operators in Morrey spaces are studied by
many authors, see [5, 18-20], and the references therein. In [16], Komori
and Shirai studied the boundedness of these operators in weighted spaces.
Furthermore, in recent years, the study of function spaces associated with
different operators inspired great interests, see [1, 4, 8-10, 14, 15].
Meanwhile, the Littlewood-Paley function associated with operator was
also studied extensively, see, for example, [2, 3, 6, 11-13, 23]. In this
paper, we study some norm inequalities for the area integrals associated
to a non-negative self-adjoint operator satisfying a pointwise Gaussian

estimate for its heat kernel, on weighted Morrey spaces.

Unless otherwise specified in the sequel, we always assume that L is

a non-negative self-adjoint operator on L2(Rn) and that the semigroup

el generated by L on L?(R"), has the kernel p,(x, y), which satisfies

the following Gaussian upper bound:

_ 2
|ps(x, y) < t"% exp [— MJ (GE)

ct

forall ¢t > 0 and x, y € R”, where C and c are positive constants.

For f € S(R"), define the area functions Sp and Sy by

1/2

Spr) = ([ e TR et i
1/2

Spf(x) = Ux_y<t|t2Le‘t2Lf(y)l2 %} . (1.2)

It is well known (cf., e.g., [21]) that when L = —A is the Laplacian on

R", the classical area functions Sp and Sy are all bounded on
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LP(R"),1 < p < o. For a general non-negative self-adjoint operator L,

LP -boundedness of the area functions Sp and Sy associated to L has

been studied extensively, see, for example, [2, 3, 6, 11-13], and the

references therein.

Let 1 < p<wo 0<k <1, and w be a weight. The weighted Morrey

space is defined by
P (w) = {f e Lﬁ)c(w) : "f"Lp,K(w) < o},

where

1 1/p
- p
1A po% (1) S%p[w(B)“ JB|f| wdx] ,

and the supremum is taken over all balls B in R". If w=1 and
k=A/n with 0<X<n, then ILP%w)=ILP*(R"), the classical
Morrey spaces.

The main results of this paper is the following theorem:

Theorem 1.1. Let L be a non-negative self-adjoint operator, such that
the corresponding heat kernels satisfy Gaussian bounds (GE). Let

l<p<wand 0<k <1 Ifw>A,, then there exists a constant C, such

that
I1Spflzes gy < CUF o ) (1.3)
forall f e LP"(w). Also, estimate (1.3) holds for the operator Sg.

Throughout, the letters “c” and “C” will denote (possibly different)

constants that are independent of the essential variables.
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2. Notation and Preliminaries

The standard Hardy-Littlewood maximal function M,f,1 <r < o is

defined by

1 1/r
M) = s ([ o)

where the sup is taken over all balls containing x. If r =1, M;f will be

denoted by Mf. The Fefferman-Stein sharp maximal function of f,
M*f(x), is defined by

M*f(x) = Sup |B|_[ |f(y) - fB|dy,

1
where fg = El | L fdz.

A weight w is a non-negative locally integrable function. We say that

w e A,(R"), 1 < p < o, if there exists a constant C such that for every

ball B c R”,

1 10 1, )"
B B
1

where %+F =1. For p =1, we say that w € A;(R"), if there is a
constant C such that for every ball B c R”",

ﬁijdy < Cw(x), for a.e. x € B,

or, equivalently, M(w) < Cw a.e.. We denote A, (R") = U AL (R™).

1<p<w

For the above definition, see [22].
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Let us recall that, if L is a self-adjoint positive definite operator acting

on L?(R™), then it admits a spectral resolution
L- j AdE().
0

For every bounded Borel function F : [0, ©) — C, by using the spectral

theorem, we can define the operator
F(L) = j FO)AEL (). 2.1)
0

The following results are useful for certain estimates later:
Lemma 2.1. Let ¢ € Cj(R) be even, suppo < (-1, 1). Let ® denote
the Fourier transform of ¢. Then for every v = 0,1, 2, ..., and for every

t >0, the kernel K )(x, y) of the operator (t2L)*®(tVL),

(2L o(tVL
which was defined by the spectral theory, satisfies

supp K(t?‘L)“CI)(t\/Z) c {(x, y) e R" xR" : |x — 3] < ¢}, (2.2)
and

|K(t2L)"'cD(t\/f)(x’ y)|<Ct™, (2.3)

forallt >0 and x, y € R".

Proof. The proof of this lemma is standard, see [15] and [11]. O

Lemma 2.2. For 1<p<w 0<k<1, and we Ap, we have

"Mf"Lp’K'(w) < C"f”Lp’“(w)'

For the proof of this lemma, see [5, Theorem 3.2].
Lemma 2.3. Let we A,,0 <k <1, and 1 < p < o. Then, for every

fell, with Mf e LP"(w), there exists a constant C,, which only

depend on w such that
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1Mf ([ p.x ) < Cw||Mﬁf||Lp,n(w). (2.4)

Proof. It is well known that the following weighted good A inequality
holds:

wix e @ : Mf(x)> 21, M*f(x) < yA} < Oy w(@Q), (2.5)

for all A, y > 0, some r > 0, and for any cube @, which includes a point

xo such that Mf(xq) < A. For the proof of (2.5), see [7, Lemma 7.10].

Let B be a ball in R". Set E, = {x € B: Mf(x) > L}. Then from
Whitney decomposition theorem, we know that there exist mutually

disjoint cubes @, such that E, = Uka and IOQkﬂ B\ E, #¢.

Denote é)k = 10Q)y. Then, there exists a x; € Qkﬂ B\ E,, that is,
Mf(xp,) < L. From (2.5), we have

wix e @y : Mf(x) > 20, MPf(x) < YA} < CY w(@y).
Set Uy, = {x € B: Mf(x) > 21, M*f(x) < yr} and so U, < E; =] @

(e U k ék Then,
w(U,) < Zw{x € @ : Mf(x)> 2, MPf(x) < yA}
k
<Oy w(@) < O Y w(@) = Crw(Ey)
k k

= Cy'w{x € B: Mf(x) > A},

where we used the fact that A, weights are doubling measures and C is

a constant that only depends on the weight. One can prove that

J |Mf|Pwdx = 2pj pPwix e B : Mf(x) > 21}dA
B 0

< ZPJ‘OOOp?»p*l(w(U;L)+ wix e B: M*f(x) > yk})dk
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p
< C2pyrj |Mf|P wdx + Z—I |Mﬁf|pwdx.
B yp B

Let us choose y such that C2Py" =1/2. The former inequality

turns out to be
D
I |Mf|P wdx < 22—J. |Mjf|pwdx.
B yp B

This implies that
194 vy < CIM ey

The proof of this lemma is completed. O

3. An Auxiliary g, y Function

Let ¢ € Cy’(R) be even function with I@ =1, suppo < (-1/10,1/10).

Let @ denote the Fourier transform of ¢ and let W(s) = s2"*2d3(s). We

define the g:,ly function by

n /
gv () = U [ ol DO Mjl et

n+l{¢ + Jx -y g+l

(3.1)

Proposition 3.1. Let L be a non-negative self-adjoint operator, such

that the corresponding heat kernels satisfy condition (GE). Then for

f e S(R™), there exists a constant C = Cp,,w, such that the area integral

Sp satisfies the pointwise estimate

Spf(x) < Cgy w(f)(x). (3.2)
Estimate (3.2) also holds for the area integral Sp.

For the proof of Proposition 3.1, see [11] and [13].
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Note that from Proposition 3.1, the area functions Sy and Sp are all
controlled by the g:,\y function. In order to prove Theorem 1.1, it suffices
to show the following result:

Theorem 3.2. Let L be a non-negative self-adjoint operator, such that

the corresponding heat kernels satisfy Gaussian bounds (GE). Let p > 3,
l<p<ow, and 0 <k <1. If we Ay, then there exists a constant C such

that
lgw, wfllgps oy < ClFl e ) (3.3)

forall f e [P " (w).
To prove Theorem 3.2, we need the following result:

Lemma 3.3. Let L be a non-negative self-adjoint operator, such that

the corresponding heat kernels satisfy Gaussian bounds (GE). If p > 3,

then for any n > 1, there is a constant C > 0 such that

M (g} w(f))(x) < CM,f(x). (3.4)

Proof. Let T(B) = {(y,t): y € B, 0 <t < rg}, where rg denotes the
radius of B. For (y, t) € T(B), using (2.2) of Lemma 2.1, we have

Y(VL)f(y) = YV ) (fusp) (). (3.5)

Let p >3 and 1 > 1. To prove (3.4), we will show that for each ball B
containing x and for some constant cpg, there exists a positive constant C,

such that

5] g (DG =~ enldz < My fte),

Now, fix a ball B containing x. Denote R” = R" x (0, ©). For any

z € B, we decompose (g:’\y(f) (z))2 into the sum of
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1) = [[ o DO (| 24

tn+1
and

106= [ MY |

We take cp = I(zp )1/2, where zp is the center of B. Now, since

la® -

Sl <la-0bf° for 0 < s <1, we have

lgnw(F) (@) - Iy(zp %] = (L(2) + I(2))? - Iy(2)"?|

< |I(2) + Iy(2) - Iy (zp)[?
< L)Y +|Iy(2) - Iy(zp)Y2

This implies

|1§| j RERIGIORS SRS
<L 21/2 > L z)— 4 1/2 2z
<[, n@ e+ g [ 1(1aE) - (ep) 2

= II, + II,.

It is well known that for n > 1, g:’q,(f) is bounded on L"(R") (see [12]).

Then, we have

J |gn, w(frep)(2)dz = j l{z € B: g, w(frep)(2) > t}|dt

o freslly
< j mm( M , |Bl|d
0 "
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681,
Ifxesl
I B |Bldt + C f 7268, 1d
Bt/
< Clfeesll, B M.
This, together with (3.5), implies that
1 .
1 < i [ 8w fran) @)z
1 . 1/n
< _—
< C(IBI IGB|f(2)| dzj
< CM,f(x). (3.6)

Further, by the mean value theorem, we know that for z € B and

(v, t) ¢ T(2B), there exists 0 < s < 1, such that

(o= o)™ = (e + |op — 3™ < Cr(e+ |z — o)™

From this and (3.5), using Lemma 2.1, Hélder’s inequality, and p > 3, we

have

|I5(2) = I2(zB)|

s CrBJj.Rn\T( 2B) WL () ((t +]z - yl)jnws o

tn+1

0

1 dydt
<Cy — Y(tvL A
- Zzsk(Zk rg )™ -”T(2k*13 \T(2 l (VLG g+l

k=1
0 k+1 2
1 2" dydt
Yt [ [ B—t3][ f 6_2k3|f<y>|dyj

© 2
1 1 2
<C)»y — —J. d <CM ,
k§1: o [|2k+lB| ) y] Wf (@)
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for all z € B. Combining this estimate with (3.6) yields
[ 18w (1)) - Ta(ep) ¥ dz < CM, f(x)
|B| B 8, v z 2{%B 2 S n s

and then the desired estimate (3.4) holds. This concludes the proof of this
lemma. [

The proof of Theorem 3.2. Let p>3,1<p <, and we A,
Then, there exists 1 <n < p such that w e Ap/n' Using Lemmas 2.3

and 3.3, we obtain that
I (Do) < IMEE 5w (Do) < CIMy (D)l oo o

This, combining with Lemma 2.2, gives that

IA

CIM (Pl ppor ) = CIMAAMIEY

”g:,‘{’(f)"Lp"‘(w) 1P/ ()

A

< C|||f|n||ng}n,K(w) = C"f”prR(w)'

The proof of Theorem 3.2 is completed. O

Remark. For f e S(R"), we define the Littlewood-Paley-Stein
functions gp and gy by

* N2 dt 1/2
gl (o) = [T o )
1/2
@ —2 dt
a0 = [ e P 4
Then, one has the analogous statement as in Theorem 1.1 replacing Sp,

Sy by gp, gy, respectively.
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