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Abstract 

This paper is concerned with some norm inequalities for the area integrals 
associated to a non-negative self-adjoint operator satisfying a pointwise Gaussian 
estimate for its heat kernel, on weighted Morrey spaces. 

1. Introduction 

The classical Morrey spaces were introduced by Morrey in [17] to 
investigate the local behaviour of solutions to second order elliptic partial 



RUMING GONG 48

differential equations. The boundedness of the Hardy-Littlewood maximal 
operator, the singular integral operator, the fractional integral operator, 
and the commutator of these operators in Morrey spaces are studied by 
many authors, see [5, 18-20], and the references therein. In [16], Komori 
and Shirai studied the boundedness of these operators in weighted spaces. 
Furthermore, in recent years, the study of function spaces associated with 
different operators inspired great interests, see [1, 4, 8-10, 14, 15]. 
Meanwhile, the Littlewood-Paley function associated with operator was 
also studied extensively, see, for example, [2, 3, 6, 11-13, 23]. In this 
paper, we study some norm inequalities for the area integrals associated 
to a non-negative self-adjoint operator satisfying a pointwise Gaussian 
estimate for its heat kernel, on weighted Morrey spaces. 

Unless otherwise specified in the sequel, we always assume that L is 

a non-negative self-adjoint operator on ( )nL R2  and that the semigroup 

,tLe−  generated by L on ( ),2 nL R  has the kernel ( ),, yxpt  which satisfies 

the following Gaussian upper bound: 

( ) ,exp,
2
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for all 0>t  and ,, nyx R∈  where C and c are positive constants. 

For ( ),nf RS∈  define the area functions PS  and HS  by 
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It is well known (cf., e.g., [21]) that when ∆−=L  is the Laplacian on 

,nR  the classical area functions PS  and HS  are all bounded on 
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( ) .1, ∞<< pL np R  For a general non-negative self-adjoint operator L, 

pL -boundedness of the area functions PS  and HS  associated to L has 

been studied extensively, see, for example, [2, 3, 6, 11-13], and the 
references therein. 

Let ,10,1 <<∞<≤ κp  and w be a weight. The weighted Morrey 

space is defined by 

( ) { ( ) ( ) },:: ,loc
, ∞<∈= wL

pp pfwLfwL κ
κ  

where 

( ) ( )
,1sup

1

,

p
p

BBwL wdxf
Bw

f p 
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





= ∫κκ  

and the supremum is taken over all balls B in .nR  If 1=w  and 

nλ=κ  with ,0 n<λ<  then ( ) ( ),,, npp LwL Rλ=κ  the classical 

Morrey spaces. 

The main results of this paper is the following theorem: 

Theorem 1.1. Let L be a non-negative self-adjoint operator, such that 
the corresponding heat kernels satisfy Gaussian bounds (GE). Let 

∞<< p1  and .10 << κ  If ,pAw ≥  then there exists a constant C, such 

that 

( ) ( ) ,,, wLwLP pp fCfS κκ ≤   (1.3) 

for all ( )., wLf p κ∈  Also, estimate (1.3) holds for the operator .HS  

Throughout, the letters ”c“  and ”“C  will denote (possibly different) 
constants that are independent of the essential variables. 
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2. Notation and Preliminaries 

The standard Hardy-Littlewood maximal function ∞<≤ rfMr 1,  is 

defined by 

( ) ( ) ,1sup
1

:

r
r

BBxB
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

= ∫∈
 

where the sup is taken over all balls containing x. If fMr 1,1=  will be 

denoted by .Mf  The Fefferman-Stein sharp maximal function of ,f  

( ),xfM �  is defined by 

( ) ( ) ,1sup
:

dyfyfBxfM B
BBxB

−= ∫∈

�  

where .1 fdxBf
BB ∫=  

A weight w is a non-negative locally integrable function. We say that 

( ) ,1, ∞<<∈ pAw n
p R  if there exists a constant C such that for every 

ball ,nB R⊂  

,11 1
1 CdxwBwdxB
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where .111 =
′

+ pp  For ,1=p  we say that ( ),1
nAw R∈  if there is a 

constant C such that for every ball ,nB R⊂   

( ) ,.a.efor,1 BxxCwwdyB B
∈≤∫  

or, equivalently, ( ) CwwM ≤  a.e.. We denote ( ) ( ).
1

n
p

p

n AA RR ∪
∞<≤

∞ =  

For the above definition, see [22]. 



THE AREA INTEGRAL ASSOCIATED … 51

Let us recall that, if L is a self-adjoint positive definite operator acting 

on ( ),2 nL R  then it admits a spectral resolution 

( ).
0

λλ= ∫
∞

dEL  

For every bounded Borel function [ ) ,,0: C→∞F  by using the spectral 

theorem, we can define the operator 

( ) ( ) ( ).:
0

λλ= ∫
∞

LdEFLF  (2.1) 

The following results are useful for certain estimates later: 

Lemma 2.1. Let ( )R∞∈ϕ 0C  be even, ( ).1,1supp −⊂ϕ  Let Φ  denote 

the Fourier transform of .ϕ  Then for every ,,2,1,0 …=κ  and for every 

,0>t  the kernel ( ) ( )( )yxK LtLt ,2 Φκ
 of the operator ( ) ( ),2 LtLt Φκ  

which was defined by the spectral theory, satisfies 

( ) ( ) {( ) },:,supp 2 tyxyxK nn
LtLt ≤−×∈⊆

Φ
RRκ   (2.2) 

and 

( ) ( )( ) ,,2
n

LtLt CtyxK −
Φ

≤κ   (2.3) 

for all 0>t  and ., nyx R∈  

Proof. The proof of this lemma is standard, see [15] and [11].   

Lemma 2.2. For ,10,1 <<∞<< κp  and ,pAw ∈  we have 

( ) ( ).,, wLwL pp fCMf κκ ≤  

 For the proof of this lemma, see [5, Theorem 3.2]. 

Lemma 2.3. Let ,10, <<∈ ∞ κAw  and .1 ∞<< p  Then, for every 
1
locLf ∈  with ( ),, wLMf p κ∈  there exists a constant ,wC  which only 

depend on w such that 
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( ) ( ).,, wLwwL pp fMCMf κκ
�≤   (2.4) 

Proof. It is well known that the following weighted good λ  inequality 
holds: 

{ ( ) ( ) } ( ),,2: QwCxfMxMfQxw rγ≤γλ<λ>∈ �   (2.5) 

for all ,0, >γλ  some ,0>r  and for any cube Q, which includes a point 

0x  such that ( ) .0 λ≤xMf  For the proof of (2.5), see [7, Lemma 7.10]. 

Let B be a ball in .nR  Set { ( ) }.: λ>∈=λ xMfBxE  Then from 
Whitney decomposition theorem, we know that there exist mutually 
disjoint cubes ,kQ  such that kkQE ∪=λ  and .\10 φ≠λEBQk∩  

Denote .10~
kk QQ =  Then, there exists a ,\~

λ∈ EBQx kk ∩  that is, 

( ) .λ≤kxMf  From (2.5), we have 

{ ( ) ( ) } ( ).~,2:~
k

r
k QwCxfMxMfQxw γ≤γλ≤λ>∈ �  

Set { ( ) ( ) }γλ≤λ>∈=λ xfMxMfBxU �,2:  and so =⊂ λλ EU kkQ∪   

.~
kk Q∪⊂  Then, 

( ) { ( ) ( ) }γλ≤λ>∈≤ ∑λ xfMxMfQxwUw k
k

�,2:~  

( ) ( ) ( )λγ=γ≤γ≤ ∑∑ EwCQwCQwC r
k

k

r
k

k

r ~  

{ ( ) },: λ>∈γ= xMfBxwC r  

where we used the fact that ∞A  weights are doubling measures and C is 
a constant that only depends on the weight. One can prove that 

{ ( ) } λλ>∈λ= −
∞

∫∫ dxMfBxwpwdxMf ppp
B

2:2 1
0

 

( ) { ( ) }( ) λγλ>∈+λ≤ λ
−

∞

∫ dxfMBxwUwp pp �:2 1
0
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.22 wdxfMwdxMfC p
Bp

pp
B

rp �∫∫ γ
+γ≤  

Let us choose γ  such that .212 =γrpC  The former inequality 

turns out to be 

.22 wdxfMwdxMf p
Bp

pp
B

�∫∫ γ
≤  

This implies that 

( ) ( ).,, wLwL pp fMCMf κκ
�≤  

The proof of this lemma is completed.   

3. An Auxiliary ∗
Ψµ,g  Function 

Let ( )R∞∈ϕ 0C  be even function with ( ).101,101supp,1 −⊂ϕ=ϕ∫  

Let Φ  denote the Fourier transform of ϕ  and let ( ) ( ).322 sss n Φ=Ψ +  We 

define the ∗
Ψµ,g  function by 

( ) ( ) ( ) ( ) .1,
21
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+
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t
dydtyfLtyxt

txfg nR
 

 (3.1) 

Proposition 3.1. Let L be a non-negative self-adjoint operator, such 
that the corresponding heat kernels satisfy condition (GE). Then for 

( ),nf RS∈  there exists a constant ,,, Ψµ= nCC  such that the area integral 

PS  satisfies the pointwise estimate 

( ) ( ) ( )., xfCgxfSP
∗
Ψµ≤   (3.2) 

Estimate (3.2) also holds for the area integral .HS  

For the proof of Proposition 3.1, see [11] and [13]. 



RUMING GONG 54

Note that from Proposition 3.1, the area functions HS  and PS  are all 

controlled by the ∗
Ψµ,g  function. In order to prove Theorem 1.1, it suffices 

to show the following result: 

Theorem 3.2. Let L be a non-negative self-adjoint operator, such that 
the corresponding heat kernels satisfy Gaussian bounds (GE). Let ,3>µ  

,1 ∞<< p  and .10 << κ  If ,pAw ∈  then there exists a constant C such 

that 

( ) ( ) ,,,, wLwL pp fCfg κκ ≤∗
Ψµ   (3.3) 

for all ( )., wLf p κ∈  

To prove Theorem 3.2, we need the following result: 

Lemma 3.3. Let L be a non-negative self-adjoint operator, such that 
the corresponding heat kernels satisfy Gaussian bounds (GE). If ,3>µ  

then for any ,1>η  there is a constant 0>C  such that 

( ( )) ( ) ( )., xfCMxfgM η
∗
Ψµ ≤�   (3.4) 

Proof. Let ( ) {( ) },0,:, BrtBytyBT <<∈=  where Br  denotes the 

radius of B. For ( ) ( ),, BTty ∈  using (2.2) of Lemma 2.1, we have 

( ) ( ) ( ) ( ) ( ).3 yfLtyfLt BχΨ=Ψ   (3.5) 

Let 3>µ  and .1>η  To prove (3.4), we will show that for each ball B 

containing x and for some constant ,Bc  there exists a positive constant C, 

such that 

( ) ( ) ( ).1
, xfCMdzczfgB B

B
η

∗
Ψµ ≤−∫  

Now, fix a ball B containing x. Denote ( ).,0 ∞×=+
nn RR  For any 

,Bz ∈  we decompose ( ( ) ( ))2, zfg∗
Ψµ  into the sum of 
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We take ( ) ,21
2 BB zIc =  where Bz  is the center of B. Now, since 

sss baba −≤−  for ,10 << s  we have 

( ) ( ) ( ) ( ( ) ( )) ( ) 21
2

21
21

21
2, BB zIzIzIzIzfg −+=−∗

Ψµ  

( ) ( ) ( ) 21
221 BzIzIzI −+≤  

( ) ( ) ( ) .21
22

21
1 BzIzIzI −+≤  

This implies 

( ) ( ) ( ) dzzIzfgB B
B

21
2,

1 −∗
Ψµ∫  

( ) ( ( ) ( ) dzzIzIBdzzIB B
BB

21
22

21
1

11 −+≤ ∫∫  

.: 21 IIII +=  

It is well known that for ( )fg∗
Ψµ>η ,,1  is bounded on ( )nL Rη  (see [12]). 

Then, we have 

( ) ( ) { ( ) ( ) }dttzfgBzdzzfg BB
B

>χ∈=χ ∗
Ψµ

∞
∗
Ψµ ∫∫ 6,

0
6, :  

dtB
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dt
t

f
CdtB B
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This, together with (3.5), implies that 

( ) ( )dzzfgBII B
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6,1
1 χ≤ ∗
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( )
η

η 
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
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( ).xfCMη≤  (3.6) 

Further, by the mean value theorem, we know that for Bz ∈  and 
( ) ( ),2, BTty ∈/  there exists ,10 ≤< s  such that 

( ) ( ) ( ) .sns
B

n
B

n yztCryztyzt −µ−µ−µ− −+≤−+−−+  

From this and (3.5), using Lemma 2.1, Hölder’s inequality, and ,3>µ  we 

have 
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for all .Bz ∈  Combining this estimate with (3.6) yields 

( ) ( ) ( ) ( ),1 21
2, xfCMdzzIzfgB B

B
η

∗
Ψµ ≤−∫  

and then the desired estimate (3.4) holds. This concludes the proof of this 
lemma.   

The proof of Theorem 3.2. Let ,1,3 ∞<<>µ p  and .pAw ∈  

Then, there exists p<η<1  such that .η∈ pAw  Using Lemmas 2.3 

and 3.3, we obtain that 

( ) ( ) ( ( )) ( ) ( ) ( ).,,, ,, wLwLwL ppp fMCfgMfg κκκ η
∗
Ψµ

∗
Ψµ ≤≤ �  

This, combining with Lemma 2.2, gives that 

( ) ( ) ( ) ( ) ( )
( )

ηη
η

∗
Ψµ η=≤ 1

, ,,,
wLwLwL ppp fMCfMCfg κκκ  

( ) ( ).,,
1

wLwL
pp fCfC κκ =≤ ηη

η  

The proof of Theorem 3.2 is completed.  

Remark. For ( ),nf RS∈  we define the Littlewood-Paley-Stein 

functions Pg  and Hg  by 

( ) ( ) ( ) ,
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2
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dtxfeLtxfg Lt

p  

( ) ( ) ( ) .
21

22
0

2








= −

∞

∫ t
dtxfLetxfg Lt
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Then, one has the analogous statement as in Theorem 1.1 replacing ,PS  

HS  by ,, HP gg  respectively. 
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